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Introduction 

 

There has been a growing interest in application of QFT based tools in the arena of social 

sciences, and economics and finance in specific (Haven and Khrennikov, 2013). One of the 

fruitful applications has been the use of the concept of number operators, which is one of the 

most basic tools in QFT. Number operator, occupation no representation, and certainly creation 

and destruction operators are the building blocks of the quantum field theory. Creation and 

destruction operators with their commutation relations, or algebra, forms the basic mechanisms 

for creation and destruction of particles from the 

initial state, which can well be the ground state of the system. Whereas, number operator, which 

measures the total no of the particles of the system at any moment in time is composed of the 

creation and destruction operators instead. Occupation no representation is again based on such 

operators. 

 

Haven et al (2017) have summarized the emerging models based on the number operator 

formalism for financial trading1. Here the number operator is used for measuring the total no of 

the identical items like stocks, or units of cash, which the traders possess and trade between 

themselves. Such number 

 

 

1 The same authors also provide a relevant account of why number operator formulation may 

help describing financial transactions better, for example it captures the discrete nature of 

trading, generates oscillatory solutions which are not typically stable equilibrium solutions as in 

standard neoclassical models. 
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operators are further composed of creation destruction, or in the authors’ language the number 

amplitude operators (in analogy with wave function and the probability density operators in 

QFT). Again the commutation relations are critical2. 

 

The models developed are based on both independent and trading agents. When trading is 

introduced there are additions to the free Hamiltonian of the system. Then the Heisenberg picture 

is invoked where the operators are allowed to evolve over time, for which the commutation 

between the operators and the Hamiltonians of the systems are computed. Heisenberg equations 

of motion are thus formulated, and then solved for obtaining the evolution of the no of assets / 

stocks/ items in the model/ market. The solutions to HEMs also do generate the conservation 

rules, or the integrals of motion3. 

 

Authors (Haven et al, 2017) also do demonstrate that such equations of motion and their 

solutions are easier to formulate than the analogous ‘classical’ models, for example the well-

known LVM model of population dynamics4. The standard LVM(Lotka Voltera) models 

describe the competition aspects more than the collaborative aspects among the agents/ players, 

which can be better described by the quantum like modeling. Here is a deeper implication of 

number operator frame work, it can be utilized in describing models and games of cooperation 

rather than standard competition models. 

 

In such a financial trading model creation and anhelation operators are used to construct the 

number operator, whose main function is to count numbers of elements in any specific category. 

For example, in case of financial market transactions number operators may be used to measure 

no of stocks traded between the traders in a specific trading period. 

 

The trading models developed thus far by the authors (like in Haven et al (2017)) are a new 

beginning which can be further developed to model more interesting and important market 

transactions. One such market operation is the credit default swap operation (CDS). The current 

paper builds a basic model of CDS based on the aforementioned operator formalism.  CDS is a 

very intriguing market since this 

market brings forth the networking between many agents, and it goes with out saying that in 

the last financial crisis (2007-09) the CDS instruments have played a major role in spreading 

the crisis rapidly. 
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Review of the extant literature 

 

Number operators in quantum mechanics5 

 

Number operators are in full glory in QFT. Traditional way to learn QFT (though certainly there 

can be alternative ways and at times more sensible)6, is to start with a classical field theory, and 

then ‘quantize’ it, which means to represent the filed in terms of quantized oscillations, or more 

specifically demonstrating particles as excitations in that field. Now such quantized oscillations 

are represented by a pair of operators called as creation and annihilation operators, or simply 

raising and lowering operators. 

 

 

 

 

 

2 Generally here we mean the anti commutation relation between the creation and destruction 

operators, which are critical for QFT for Fermions. 

3 We may think such conservation rules as describing the market conditions in the long term. 

4 LVM solutions bear some resemblances to the most simple Quantum like models in that they are 

also nearly 

sinusoidal. 

5 This representation can be found in Haven, Khrennikov and Robinson (2017). 

6 For example Padbhanabhan (2016) starts with a relativistic particle path propagator and arrives 

at fields, rather 

than quantizing a classical field, as done in standard ways. 
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In QM a simple harmonic oscillator is also represented as a singe particle as in the classical 

description of the harmonic oscillator, except that in QM a ladder of energy levels is possible for 

the system: 0,1, 2, 3… 

 

Now in QFT these energy steps are fundamental too, with a major difference in interpretation, 

i.e. instead of a single QM particle climbing the ladder of energy, 0,1,2,3….represents no of 

particles themselves, which means in ordinary QM a single particle can have n units of energy, 

where as in QFT this would mean n no of particles with same unit of energy each. Hence adding 

n units of energy in QFT means adding n no of identical particles with same energy each. 

 

Hence, if we start out with a system of n particles and operate on that state a creation operator 

(call it a*) we arrive at a state with n+1 no of particles, again if we operate destruction operator 

on a state of n particles we arrive at a state of n-1 particles. Now the important concept here is 

that these n objects need not be particles, it can be elements of any same category. 

 

Certainly, then these operators should follow some algebraic or commuting rules, among 

themselves, and also with the Hamiltonian of the system. Since if any operator commutes with 

Hamiltonian operator of a system then a physical quantity corresponding to that operator is 

conserved, this is the central point of the Heisenberg picture in QM. In such equations we study 

the time evolution of the operators, which is given by the commutation relation between such 

operators with the Hamiltonian of the system. This picture is in contrast with the wave mechanics 

picture due to Schrödinger, where we study the evolution of the wave function representing the 

system. 

 

Number operator use in financial trading models 

 

Khrennikova and Patra (2019) have used a Quantum frame work for describing agent’s behavior 

under ambiguity in financial markets. Here as in standard quantum like modelling agents belief 

state space is a two dimensional complex normed vector space, or Hilbert space H, where the 

basis can be I0> and I1>, where the former can represent a belief about asset pricing going down, 

and the later about hike in the asset pricing. Certainly, all the properties including orthonormality 

between basis states apply. 

 

Then creation and destruction operators (a and a*, where * signifies transpose conjugate 
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operation) are invoked, with their anti-commuting properties (algebra). Here the function of the 

a* or the creation operator/ raising operator is to upgrade the state I0> to I1>, and that of the 

destruction/ lowering operator is to downgrade the state I1> to I0>, while a acting on 0 produces 

no change. Such operators can be given 2X2 matrix representations. Again, a decision operator is 

defined as n=a*a, which is equivalent to number operator representation. For more than one 

agent we have to consider a state space which is obtained by the Tensor product of the 

component state spaces, hence the resultant Hilbert space may or may not be separable, which 

further gives complicacy in defining the decision or the number operator. Dynamics of the model 

will then concern about the evolution of the n operator, which can be obtained by solving 

Heisenberg equations (as shown in the proposed model below). 

 

Haven, Khrennikov and Robinson (2017), have demonstrated the use of number operator in 

financial trading models, Bagarello (2007,2009) earlier, has demonstrated how transactions 

between agents with or with out cash can be represented by such operators. The assumption is 

that agents do trade with each other, hence simultaneously creation and destruction of no of asset 

units is happening in the individual portfolios of agents, which may be backed by creation and 

destruction of cash units in the portfolios. Hence such trading can be described by the n operator 

representation (as will be shown below in the proposed set up also). 
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In these models asymmetry of trading can also be introduced, which means the rate at which ith 

agent sells or buys asset units may differ from that of jth agent. 

 

 

 

Number operator use in quantum like modeling of decision making 

 

Recently Bagarello et al (2018) have proposed an intriguing model of dynamic decision making 

of agents in a interactive environment. The analogy comes from the Quantum Field Theory, 

where we have a very rich tradition of decoherence theory (Zurek, 2003), where modelling is 

done on how an isolated pure state interacts with the Bath with effectively infinite degrees of 

freedom, and how the entangled state evolves over time. 

 

Bagarello et al (2018) have used the set up, where an individual agent’s (call her Alice) pure 

belief state interacts with the outside information environment/ information Bath. A brief over 

view is provided below, where we see the use of number operator again. 

 

if we consider the pure state of the decision maker (for example the belief state of the agent, 

Alice) as S, then the separable S+R state space has unitary evolution as a whole which is 

provided by the Hamiltonian of the compound state. However the interaction between S and R 

induces entanglement which makes the compound state non-separable. Hence the state of the 

subsystem S becomes mixed. Hence to obtain information for S we then need to take the partial 

Trace for all degrees of freedom of R. we study then the dynamics of the subsystem R with the 

non unitary evolution. 

 

Alice’s pure belief state is captured by ρ0 = Iφ><φI, where Iφ> is the pure uncertain state 

described as superposition of I0> and I1>, where I0> can be the no response to the 

dichotomous question (or the observable here, say A) and I1> being the response yes.  The 

bath, or R also comprise of many agents like Alice, who are faced with the same A question, 

hence also comprises of dichotomous degrees of freedom. Hence in the state space of Alice, a 

2D complex Hilbert space, I0> and I1> forms the orthonormal basis vectors. 

 

Decision making process of Alice(subsystem S), or the R is described in terms of creation-

annihilation operators, a, and a* for Alice and b(K), and b*(K) for the bath/ R. The 
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anticommutation algebra for the operators (Fermionic operators as in QFT) is given by {a,a*}= 

I, {b,b*}=I, and {a,b}=0, a2=b2=0. 

 

The operations of a, a* on I0> and I1> is standard: a*I0> =I1>, a*I1>=I0>, and so on. Again 

the initial conditions are: a*(0) =a*, a(0) = a. 

 

Hence we come up with the representation of A or the question posed to the agents, as a number 

operator : N= a*a, where the eigen values of N are 0 and 1, authors (op cit) categorize such an 

operator as decision operator. Where the average of the decision operator N(average)= 

<a*(t)a(t)I> (tensor product with I), this average is with respect to some initial states of the 

compound system (RUS). 

 

Since the agents’ belief state is entangled with R(K), the density matrix ρ(t) can be obtained 

through partial trace over environmental degrees of freedom: TRKR(t), hence , <N> =TRρ(t)N. 

For dichotomous observable A, this average coincides with the probability A=1, hence we can 

study the dynamics of this probability. 
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Hence we find the use of number operator is quite pervasive in finance modelling or quantum 

like decision making models. The remaining part of the paper will present a set up for describing 

CDS market transactions. 

 

 

 

 

 

 

One possible application 

 

Model set up 

 

CDS is one of the most widely used instruments in financial markets, and the roles played by the 

CDS contracts in the last financial crisis of 2007-09 is widely discussed (Chiaramonte and Casu, 

2012)7. Banks, financial institutions, insurance giants like AIG and alike players were involved 

deeply in writing CDS contracts. Investors all over the globe were parties in such opaque 

contracts. Opacity/ non transparency arose from the fact that the underlying default probabilities 

of the toxic assets were ill computed or hidden. 

 

The basic CDS contract is a transaction between two (at least) players based on the possibility 

of a future event to happen, for example if in future a specific company go bust, or there is a 

similar macro event. One party takes out insurance from another party based on such 

speculation. Hence party 1 will pay party 2 (in any type: cash or any other kind) till the event 

happens, but then the party 2 will have to pay 1 a large amount based on the initial contract. 

 

Let us consider a market of stocks, where we have a group of traders who have bought those 

stocks, they may or may not trade among each other. We call that group as A. There is another 

group of traders or players who have speculated that each of the companies who have floated 

shares in the primary market can default some time in future. Hence there are same no of CDS 

contracts (basic minimum) between the players of the next group. The market starts with this 

initial state, and then evolves to a later state when some firms do default, and thus some players 

of the next group receives cash or kind from their partners. We model this market evolution by 
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constructing the basic Hamiltonians and the HEMs8. 

 

Let there be two groups of traders/ players, A and B. there are n assets which are bought by the n 

players in the A group, for simplicity we can assume one each as a buyer. Now the players in the 

group B can be thought in pairs of two (say c types and b types) who have agreed upon a CDS 

each for the n assets. Hence till the event of default (or any other event) for each firm happens 

one of the members in each pair will pay in cash units/ kind to another in that pair, and when the 

event happens the reverse 

will happen. This arrangement is for all the n pairs. 

 

We invoke here the number operators, with their component number amplitude / creation- 

destruction operators. Initially we begin with n assets for the A group and say nb and nc units of 

money/ any other kind of assets for each pair in the group B, for simplicity we can assume that 

both these values are same 

 

7 For example the case of defaults of huge insurance firms like AIG is well known, which 

has further sent ripple effects over the global financial markets. 

8 HEMs: Heisenberg Equations of motions, widely used technique in QFT/QM alongside the 

Schrödinger wave 

mechanics solutions, where the time evolution of the operators are computed which is equivalent 

to computing 

the commutation relation between such operators and the Hamiltonians of the systems. 
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and equal to n9. We assume to begin with every c player in the group B will pay to every b 

player, till the events start happening.  When the events happen the flow of payments will reverse. 

Hence we have two phases of the trading game, each described by its own Hamiltonian.  This is a 

basic set up which can be further modified with full solutions to the dynamics by using 

Heisenberg Equations of motions (HEMs). 

 

Three scenarios 

Scenario 1: Initially the Hamiltonian of the system is : Ὡ = ∑𝒏 ��*a +∑𝒏  ��∗c10

 

Where a*a = n where n is the number operator for the group A and a* and a are the number 

amplitude 

or creation destruction operators. Again the b* is the creation operator for the b type players in 

the group and c is the destruction operator for the c type players in the group11. The above 

equation describes the initial situation in the market, where the A type players have just bought 

the n assets available one each for simplicity, and in the B group b type players have started 

receiving payments from c types players, say one unit at a period. Here we can assume that 

both b type and c type players have started with m units of cash/ any other assets, hence the 

initial state of the market will be 

 

In (0), m(0), m(0)>, where 0 denotes the initial time or 0th time, now if the operator b*c is acted 

upon this state the resulting state is In(t), m+1(t),m(t)>12, which means that the cash holding of a 

b type player is upgraded by 1 unit, and that of a c type player is downgraded by 1 unit, and this 

happens for all such players. 

 

However the next possible phase of this market is when such events, like the defaults, start 

happening, we wont assume that  all the firms have defaulted at the same time, but k firms out of 

n (equivalently, k assets out of n), can default, and as they default they are withdrawn from the 

market, but the CDS contracts now predicts that in the group B c type players start getting 

payments from the b types. 

Scenario 2: Hence the altered Hamiltonian will be: Ὡ= ∑𝒏−𝒌 �′�∗ � + ∑𝒏−𝒌 �
∗ � + ∑𝒌 �

∗ 

�
 

Where the first summation means that there are still n-k share holders of n-k stocks, the second 
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summation means there are still n-k contracts according to which c type players are paying 

b type players, and the last summation means that now k no of b type players start paying k 

no of c type players in say units of money. 

 

Scenario3:  in this scenario we introduce trading among the members of the group A, along 

with the CDS contracts between the members of the group B. In this scenario too there will be 

two phases, one in which the Hamiltonian will be an extension of the initial Hamiltonian by 

adding one interactive term which represents the trading between the members of group A . 

Ὡ=∑𝒏 �′��∗ �� + ∑𝒏 �′��∗�� + ∑𝒏 �′�∗ � + ∑𝒏 �′(��∗ �� + ��∗��) 

 

 

 

 

9 They can be of different amounts too, but then there will be some complicacy based on the 

exchange rates of such assets if they are different types and there is trading between the 

players. As of now in the model we don’t introduce different classes of assets, which will be 

discussed in the discussion section. 

10 The subscript for the summation signs represents either the no of terms over which the 

summation is done, or 

the no of pairs of players over whom the summation is done. 

11   Here we can think that the 

12 I> and <I symbols are used to denote the states which can also be given column vector 

representations, 

following the standard notations of quantum theory due to Dirac (Haven and Khrennikov, 2013). 
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The first summation item shows a subgroup of A which also has same n no of assets, the second 

summation shows another sub group of A which also has same no of assets, the third summation 

shows again the CDS contract between the b type and c type players in the group B, and the last 

item in the summation shows trading between two subgroups of A. 

 

Certainly then there will be the second phase where some assets say k no of assets default, or k 

no of firms default, hence we will have the modified Hamiltonian: 

Ὡ=∑𝒏−𝒌 �′��∗ �� + ∑𝒏−𝒌 �′��∗�� + ∑𝒏−𝒌 �′�∗ � + ∑𝒏−𝒌 �′(��∗ �� + ��∗��) 

+ ∑𝒌 �
∗ �

 

Where the common terms have n-k items in them, and the additional summation is with k no of 

terms. 

N.B. all the constants used under the summation are real valued13. 

 

HEM equations and conservation rules14 

 

Heisenberg equations of motion can be solved in two broad ways (Haven et al, 2017), one, via 

computing the commutation relations between number operators and the Hamiltonian for specific 

phases as in here, or computing the commutation relations between creation-destruction/ no 

amplitude operators and the respective Hamiltonians. The second method is also termed as the 

Eigen frequency method. The main results from such HEMs are that we can analyze the time 

evolution of the no of 

assets held by the players, and also how the total market evolves over the time, and the 

interesting conservation rules emerging out of the model. 

 

Asymmetric trading 

 

We can introduce asymmetry in trading among the group members of say group A, which would 

mean 

that  d/dt (m+n) ≠0, where m and n15 are the number operators representing the no of initial 
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stocks/
 

assets which the two subgroups had (or each member has). To achieve this we need to modify the 

Hamiltonians of the scenario 3 as described above. 

 

 

 

Modified scenario 3 

Initial phase: Ὡ=∑𝒏 �′�∗ � + ∑𝒏 �′(�� �∗ �� � + �� �∗�� �)
 

Here the free part of the Hamiltonian can be ignored since they don’t contribute due to the fact 

that the 

number operators commute with the Hamiltonian. Now in the interaction part P and Q are the 

two positive integers which are not equal, and this shows that the no of assets traded at one time 

between the players of group A are different. 

 

 

 

 

 

13 Certainly the interpretations of these constants are an open area for research. 

14 Based on the seminal works of Bagarello (2007,2009), Hanvens, Khrennikov and Robinson 

(2017) and others the 

standard approach to solve HEMs are first to express the Hamiltonians and the operators of 

interests in the form 

of number or number amplitude operators, and then compute the commutation relations between 

such operators and the Hamiltonians. Commutation relations generate different conservation 

rules which in our case may generate insights for the market operations. Finally Gaussian 

elimination process is used for arriving at formal solutions to such HEMs. 

15 Operators are marked in bold in the current paper to distinguish them from scalars, or 

expectation values. 
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HEM equations: which means Heisenberg equations of motion, which is simply given by the 

stylized equation, id/dt (A) = [a, H], where A is the operator in question representing an 

observable, and H is the Hamiltonian operator of the system. 

 

Second phase:  Again, in this phase there will be defaults of k no of assets in the market which 

changes the Hamiltonian to: 

Ὡ=∑𝒏−𝒌 �′�∗ � + ∑𝒏−𝒌 �′(�� �∗ �� � + �� �∗�� �) + ∑𝒌 �
∗ �

 

Where the first summation items represent n-k pairs of players where c type of players in the 

group B 

still pays to the b types of players in that group since n-k assets have note defaulted. The second 

term shows trading between n-k pairs of the group A players since k assets have busted. The last 

term is now representing k pairs of group B players where now b type players are paying c type 

players for k no of assets had been defaulting. 

 

 

 

Discussion 

 

One critical difference between classical LVM type models which describe population dynamics 

and the Quantum like models as above is that the classical models describe competition more, 

where as Quantum like models are more suitable for describing cooperative strategies. 

 

Consequences of asymmetric trading 

 

There can be two separate scenarios assumed, one, when there is no uncertainty in the 

economy, and two, when there is uncertainty in the economy (a related branch of economics is 

information asymmetry economics, however uncertainty based on quantum theoretic 

framework is deep, and fundamental, see Akerlof (1970), Spence (1973)). 

 

In the first case the proportion of asset classes held by the investors are a common knowledge, 

which means every player knows that every other player knows …. what is the ratio of safe assets 

to risky assets. Certainly, we can subdivide the asset classes further into subgroups (senior, 

mezzanine, junior). However, if the proportions are a common knowledge then say some players 
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in the group A will hold safe assets and others will hold more risky assets, and the asymmetry of 

trade (reflected in P and Q) will be exactly based on the exchange rate between such asset classes 

determined by the risk-return profiling. For example, a standard asset pricing model like CAPM 

can be used to determine the exchange rate or the values of P and Q in the asymmetric trade 

between players. 

 

A simple example: 

 

Say in a certain world there are two players (this example can be extended to n no of players 

easily) with n and m no of assets to start with, however they trade asymmetrically, which means 

that the rate of losses and gains of assets are different for each player. In this scenario the 

following Hamiltonian captures the market: 

Ὡ=��∗� + ��∗� + �(�∗� �� + �∗� �� ), Where P and Q are real positive integers.
 

Following Havens et al (2017) it can be shown that the above Hamiltonian generates different 

conservation rules, simply captured by the equation: d/dt(n)=-P/Q d/dt (m), where n and m in 

bold are the no operators representing the a*a and b*b or the no of initial assets each player has. 
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Here the suggestion made in the current paper is that under no uncertainty the ratio P/Q is fully 

determined by any ‘rational asset pricing model’ for example the CAPM16. Hence if we consider 

another group of players writing and buying CDS on these assets there is no misevaluation and 

the CDS contracts are honored duly. 

 

In the uncertainty case (Ellsberg type as mentioned above) proportions of assets are unknowable. 

Hence there is every possibility that the asymmetry of trade or P and Q values are based on false 

beliefs, hence erroneous. Hence this miscomputation of P’s and Q’s may have grave 

consequences for the CDS contracts too. 

 

 

 

Conclusion 

 

The above proposed models can be further modified by introducing other operators in the 

Hamiltonian, for example the buying and selling operators as proposed by Bagerello 

(2007,2009), which are further composed of so-called cash and number operators. In such an 

extension of the model every player is assumed to have a portfolio of cash and stocks/ assets, 

hence if there is an exchange between say two players then it is simply not a swap of stocks itself 

(where there can be some predetermined exchange rates like P/Q) but an exchange between cash 

and stocks, certainly here also we can imagine some asymmetry of trade and the prices of such 

stocks will determine the terms of the trade or exchange ratios. 

 

Finally some other operators can also be added to the Hamiltonian, so called supply and price 

operators (Haven et al, 2017), where the supply operator (very similar to the constructed number 

operators or the cash operators) will compute the supply of any stock/ asset at a moment of time, 

and the price operator will compute the price, now these operators may change in opposite ways, 

for example one unit 

increase in supply of any stock will give rise to one unit drop in the price of that stock. 

However, asymmetry can certainly be introduced here based on factors like price 

elasticity. 

 

In conclusion we can observe that there are critical differences between the standard classical 
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model solutions (like the LVM model) and the solutions obtained or suggested by number 

operator formulation, one such major difference is the oscillatory nature of solutions. In 

neoclassical finance or economics, we are more used to have equilibrium solutions where the 

system might reach a stable point, if not, then such models are termed as disequilibrium models. 

In financial markets observation or empirical studies do show such disequilibrium nature, and 

oscillatory solutions can emerge as good alternatives in such cases. 

 

However, when number operators are used in the decoherence based decision making models, 

there can be considerable complicacies, for example computing the finite decoeherence time, 

and this is an open field of inquiry as of now. Overall number operators make the finance 

computations simpler. 

 

 

 

 

 

 

 

 

16 This point is perhaps missed in some of the seminal models (Bagarello, as referred to earlier), 

and this observation actually points out that Quantum like modeling may not be totally isolated 

from standard asset pricing models. 



Electronic copy available at: https://ssrn.com/abstract=3524896  

 

 

Appendix 

 

Hitting the state I0>: in QFT this state can be considered as to be a particle less state, however 

this state or ground state/ 0 point energy state/ quantum vacuum is a very different creature as 

compared to the classical vacuum concept: for example due to uncertainty principle implications 

this state can not have a definite 0 energy, again in QFT such states also do have serious 

contributions to expectation values: ground state expectation values which are again equivalent to 

propagators or transition amplitudes. 

 

Here we can imagine for our purpose the lowering operator a acting on In> or a state of n 

particles: 

 

As a In> = √n In-1>, thus, a a In> = √n√n-1 In-2>, and so on till we hit the I0> state, hence an In> 

= √n! I0>. 
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